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£Sj ■ Abstract 

In this paper, we shall establish a Dancer-type unilateral global bifurcation re- 
sult for a class of quasilinear elliptic problems with sign-changing weight. Under 
some natural hypotheses on perturbation function, we show that (n^(p),0) is a 
bifurcation point of the above problems and there are two distinct unbounded con- 
tinua, (C£) and (C£) _ , consisting of the bifurcation branch C\, from (/i^(p),0), 
where ^(p) is the fe-th positive or negative eigenvalue of the linear problem cor- 
^ responding to the above problems, v € {+, — }. As the applications of the above 

unilateral global bifurcation result, we study the existence of nodal solutions for a 
class of quasilinear elliptic problems with sign-changing weight. Moreover, based 
on the bifurcation result of Drabek and Huang (1997) [IT] , we study the existence 
of one-sign solutions for a class of high dimensional quasilinear elliptic problems 
with sign-changing weight. 
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Introduction 



In [28] . Rabinowitz established Rabinowitz's unilateral global bifurcation theory. How- 
ever, as pointed out by Dancer [BJ E] and Lopez-Gomez [22], the proofs of these theorems 
contain gaps. Fortunately, Dancer [5J gave a corrected version of unilateral global bifurca- 
tion theorem. In 1997, Drabek and Huang [IT] proved a Dancer-type bifurcation theorem 
(Theorem 4.5, [TT]) in which the continua bifurcated from the principle eigenvalue for a 
high dimension p-Laplacian problem with sign-changing weight in M. . However, no any 
information on the high eigenvalue for p-Laplacian problem with sign-changing weight. 
For the case of definite weight, Dai and Ma [5] established a Dancer-type unilateral 
global bifurcation result for one-dimensional p-Laplacian. In [IB] . Girg and Takac proved 
a Dancer-type bifurcation theorem for a high dimensional p-Laplacian equation. 
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It is the main purpose of this paper to establish a similar result to Dai and Ma's about 
the continua of radial solutions for the following iV-dimensional p-Laplacian problem on 
the unit ball of R N with JV > 1 and 1 < p < +00, 

-div(v9 p (Vn)) = fj,m(x)tp p (u) + g(x,u;p), in B, 

u = 0, on dB, ^ ' ' 

where B is the unit open ball of R , (f p (s) = |s| p ~ 2 s, m G M(B) is a sign-changing 
function with 

M(B) = {m G C(B) is radially symmetric |meas{x G B,m(x) > 0} 7^ 0} , 

j:BxRxl->f satisfies the Caratheodory condition in the first two variables and 
radially symmetric with respect to x. 

It is clear that the radial solutions of (II. ip is equivalent to the solutions of the following 
problem 



1.2) 



— (r N 1 ip p (u')) = pm{r)r N 1 ip p {u) + r N 1 g(r,u;p), a.e. rG (0,1), 
u'(0) = «(1) = 0, 

where r = \x\ with x G B, m G M(I) is a sign-changing with / = (0, 1) and 

M(I) = {m G C(I) is radially symmetric |meas{r G I,m(r) > 0} 7^ 0} . 

We also assume the perturbation function g satisfies the following hypotheses: 

lim%^=0 (1.3) 

uniformly for a.e. r G I and p, on bounded sets. 

Under the condition of m G M(I) and (II. 3p . we shall show that (p%(p), 0) is a bifur- 
cation point of (11.21) and there are two distinct unbounded continua, (C%) and (C^) , 
consisting of the bifurcation branch C^. from (p%(p),0), where p%(p) is the k-th positive 
or negative eigenvalue of the linear problem corresponding to (11.21) . where v G {+,—}. 

Based on the unilateral global bifurcation result (see Theorem 3.2), we investigate the 
existence of radial nodal solutions for the following p-Laplacian problem 

-div (y? p (Vw)) = 7m(af)/(u), in B, ^ ^ 

u = 0, ondB, ^ ' ' 

where / G C(R), 7 is a parameter. 

It is clear that the radial solutions of fll.4j) is equivalent to the solutions of the following 

problem 

(r^-Vf-V)' + 7r Af ~ 1 m(r)/(n) = 0, r G /, n ,x 

u '(0) = u(l) = 0, l ] 

where r = \x\ with x & B. 

It is well known that when m(r) = 1 and f(r,u) = \(p p (u)/ , y 1 problem (11.51) has a 
nontrivial solution if and only if A is an eigenvalue of the following problem 

(r^VrY)' + Xr N - l Vp (u) = 0, r G /, , , 

M '(0)=u(l) = 0. l j 



In particular, when A = Xkip), there exist two solutions u^ and %, such that u^ has 
exactly k — 1 zeros in / and is positive near 0, and u^ has exactly k — 1 zeros in / and is 
negative near (see [27] . Theorem 1.5.3). 

When p = 2, N = 1 and m{r) > 0, Ma and Thompson [21] considered the interval 
of 7, in which there exist nodal solutions of (ll.5p under some suitable assumptions on /. 
The results of the above have been extended to the the case of weight function changes its 
sign by Ma and Han [23] . The results they obtained extended some well known theorems 
of the existence of positive solutions for related problems [121 E2 E] and sign-changing 
solutions [26] . For the case p ^ 2 but N = 1, m(r) > 0, Dai and Ma [5] proved the 
existence of nodal solutions for (jl.5|) . 

However, few results on the existence of radial nodal solutions, even positive solu- 
tions, have been established for iV-dimensional p-Laplacian problem with sign-changing 
weight m(r) on the unit ball of R . In this paper, we shall establish a similar result 
to Ma and Thompson [24] for iV-dimensional p-Laplacian problem with sign-changing 
weight. Problem with sign-changing weight arises from the selection- migration model in 
population genetics. In this model, m(r) changes sign corresponding to the fact that an 
allele A\ holds an advantage over a rival allele A2 at same points and is at a disadvantage 
at others; the parameter r corresponds to the reciprocal of diffusion, for detail, see [T5] , 
For the applications of nodal solutions, see Lazer and McKenna [19] and Kurth [18] . 

In high dimensional general domain case, based on Drabek and Huang's results (note 
their results also valid for bounded smooth domain), we shall investigate the existence of 
one-sign solutions for the problem (II .4p with 1 < p < N and the general smooth domain 
QcR* with iV > 2, i.e., 

— div ((p p (Vu)) = •ym(x)f(u), infi, 



u = 0, onoil. 

By a solution of (ll.7p we understand u G W ' P (Q) satisfying (II. 7p in the weak sense. 

The rest of this paper is arranged as follows. In Section 2, we establish the eigenvalue 
theory of second order p-Laplacian Dirichlet boundary value problem in the radial case 
with sign-changing weight. In Section 3, we establish the unilateral global bifurcation 
theory for (11.21) . In Section 4, we prove the existence of nodal solutions for (II. 5p . In 
Section 5, we study the existence of one-sign solutions for (11.71) . 

2 Some preliminaries 

In [25], by Priifer transformation, Meng, Yan and Zhang established the spectrum 
of one- dimensional p-Laplacian with an indefinite integrable weight. When m = 1, us- 
ing oscillation method, Peral [27] established the eigenvalue theory of N- dimensional 
p-Laplacian on the unite ball. However, applying their methods to iV-dimensional p- 
Laplacian on the unit ball with indefinite weight is very difficult, even cann't be used. In 
[2], using variational method, Anane, Chakrone and Monssa established the spectrum of 
one-dimensional p-Laplacian with an indefinite weight. While, we don't know whether or 
not the eigenvalue function n v k (p) is continuous with respect to p, which was obtained by 
Anane, Chakrone and Monssa. In this Section, by similar method of Anane, Chakrone 
and Monssa's, we can establish the eigenvalue theory of second order p-Laplacian Dirich- 
let boundary value problem in the radial case with indefinite weight. It is well known the 
continuity of eigenvalues with respect to p is very important in the studying of the global 



bifurcation phenomena for p-Laplacian problems, see [91 [TQl [201 EZ] • In this Section, we 
shall also show that [i%(p) is continuous with respect to p. Moreover, we also establish a 
key lemma which will be used in Section 4. 

Applying the similar method to prove [U Theorem 1] with obvious changes, we can 
obtain the following: 

Theorem 2.1. Assume m e M(I). The eigenvalue problem 



(yv-i| M /| P -2 M /y + /im ( r ) r JV-i| M | P -2 w = 0j r e / ; 
w'(0) = u(l) = 



(2.1) 



has two infinitely many simple real eigenvalues 

< (4(p) < (4(P) <■■ < l4(p) < ■ ■ • , lim f4(p) = +oo, 

> ni(p) > yq{p) > ■■■> iq{p) > ■ • • lim fi~(p) = -oo 

and no other eigenvalues. Moreover, 

1. Every eigenf unction corresponding to eigenvalue /x£(p), has exactly k — 1 zeros. 

2. For every k, H u k {m) verifies the strict monotonicity property with respect to the 
weight m. 

Remark 2.1. Using Gronwall inequality [Hj, we can easily show that all zeros of eigen- 
function corresponding to eigenvalue fJ%(p) is simple. 

We first show that the principle eigenvalue function {i\ : (1, +oo) — > R is continuous. 

Theorem 2.2. The eigenvalue function pj{ : (1, +oo) — > R is continuous. 

Proof. The proof is similar to the proof of [9], but we give a rough sketch of the 
proof for reader's convenience. We only show that fxj : (1, +oo) — > R is continuous since 
the case of n{ is similar. In the following proof, we shall shorten fif to Hi. 
From the variational characterization of //i(p) it follows that 



tn(p) = sup <^ fi > fi / m(x)|u| p dx < / \Vu\ p dx, for all u e C™ C {B) \ , (2.2) 

where C^ C (B) = \u E C%°(B)\u is radially symmetric}. 

Let {pj}JLi be a sequence in (1, +oo) convergent to p > 1. We shall show that 

lim /ii(pj) =A*i(p). (2.3) 

To do this, let it e C r °° c (/). Then, from (T2T2J) . 

A*i(Pj) / ^(x)|m| Pj <ix < / iVwpdx. 



On applying the Dominated Convergence Theorem we find 

lim sup ixiip-j) / m(x)\u\ p dx < / \Vu\ p dx. (2.4) 

j^+oo Jb Jb 

Relation C I2.4J) . the fact that u is arbitrary and (12. 2 p yield 



limsup/iiGoj) < /xi(p). 



Thus, to prove (I2.3P it suffices to show that 

liminf /iife) > Hx{p). (2.5) 

j— H-cx> 

Let {pfcjfcli be a subsequence of {p-,}^! such that lim fii(p k ) = liminf/xi(pj). 

fc— >+oo j— >+oo 

Let us fix e > so that p — e > 1 and for each < e < e , W r .(f' -£ (B) is compactly 
embedded into L P+£ (B), here W / r jf~ e (5) = {-u G W / ' p_e (i?)|M is radially symmetric}, 
Lij! +£ (.B) = {-u G L P+£ (B) I u is radially symmetric}. For /c G N, let us choose u k G 
W^ k (B) such that 

[ \Vu k \ Pk dx=l (2.6) 

and 

/ \Vu k \ Pk dx = ^{p k ) [ m{x)\u k \ Pk dx. (2.7) 

Jb Jb 

For < e < eo, there exists k G N such that p — e < p k < p + e for any k > k . Thus, 

for k > k , (12.61) and Holder's inequality imply that 

|Vw fc | p - £ cfe< \B\ *k , (2.8) 

where \B\ denotes the measure of B. This shows that {wfc}fcL fco is a bounded sequence 
in W r ' p ~ £ (B). Passing to a subsequence if necessary, we can assume that u k — *■ u in 
W r jf~ e (.B) and hence that u k — > u in L^ +e (5). Furthermore, w G L P (B) and «& — )■ w in 
L P /{B) for fc > k . It follows that 



/ \u k \ Pk dx - / |u| Pfc <ix < / p k \u + 6u k \ Pk 1 \u k -u\dx 
Jb Jb Jb 



Pfc- 1 i 

< (p + e)( \u + 0u k \ Pk dx\ '" ( \u k -u\ Pk dx 

< (p + e) (\\u\\ Pk + WukWpJ^' 1 UK- u\ Pk dx) Pk -> 



as fc — >• +oo. It is clear that 



/ \u\ Pk dx- f 
Jb Jb 



Thus, 



\u\ Pk dx — / \u\ p dx — > as k — > +oo. 

IB 

/ \u k \ Pk dx ->■ / |-u| p cb. 
is is 



Similarly, we also can obtain that 



m + (x)\uk\ Pk dx — y / m + (x)\u\ p dx 

Li J B 



and 



m (x)\uk\ Pk dx — y / m (x)\u\ p dx, 



B 



where m + (x) = max{m(x),0}, m (x) = — min{m(x), 0}. Therefore, 



m(x)\uk\ Pk dx 



m + (x)\uk\ Pk dx — / m (x)\uk\ Pk dx 



B 



B 



— >■ 



m (x)\u\ p dx — / m (x)\u\ p dx 

Li J B 

m(x)\u\ p dx. 



B 



We note that (J2l| and (TJLlD imply that 



ViiPk) / m(x)\u k \ Pk dx = 1 



B 



for all fceN. Thus letting k go to +00 in (12.101) and using (12.91) . we find 

liminf (J>i(pk) / m(x)\u\ p dx = 1. 
i^+00 J B 

On the other hand, since Uk — *■ u in W / r .Q P_£ (S), from (I2.8P we obtain that 



(2.9) 



(2.10) 



(2.11) 



Vw „_ £ < liminf Vm& ?_ e < \B 



\p-e 



p—e 



k— > + 00 

Now, letting e — y + and applying Fatou's Lemma we find 



|V«||£<1. 



(2.12) 



Hence u G W^' P (B), here W r 1,p (i?) denotes the radially symmetric subspace of W 1,V {B). 
We claim that actually u G W r ' p (B). Indeed, we know that u G W r Q~ £ {B) for each 

< e < e . For G C~ (M^) it is easy to see that 



u— — dx 

B &Xi 



< IIVwIL 



p-s||<P||(p-e)'> 



/, i = 1, 



N. 



Then, letting e — y + we obtain that 



90 
w— — ax 

B UXi 



< HVd 



pII^IKp)') i = 1, ---jiV, 



where p' = p/(p — 1). Since is arbitrary, from Proposition IX- 18 of [3] we find that 
w G ^^(-B), as desired. 

Finally, combining (12. lip and (I2.12p we obtain that 



liminf /ii(pfc) / m(x)\u\ p dx > / \Wu\ p dx. 
i->+°° Jb Jb 



This and the variational characterization of /!i(j>) imply (12. 5p and hence (I2.3p . This con- 
cludes the proof of the lemma. ■ 

Using Remark 2.1, Theorem 2.1 and Theorem 2.2, we shall show that all eigenvalue 
functions fif : (1, +oo) — > R, 2 < k G N are continuous. 

Theorem 2.3. For each 2 < k G N, the eigenvalue function fi k : (1, +oo) —tM.is 
continuous. 

Proof. Let u v k be an eigenfunction corresponding to ^\\p). By Theorem 2.1 and Remark 
2.1, we know that u has exactly k — 1 simple zeros in /, i.e., there exist c^i, . . . , Ck,k-i £ -f 
such that u(ck,i) = ■ ■ • = u(ck,k-i) — 0. For convenience, we set Ck,o = 0, Ck,k = 1, 
Ji = (ck,i-i, c k ,i) and B { = {x G B\c k>i - X < \x\ < c fcji } for i = 1, . . . , k. Let \i\ (p, m/Ji, Ji) 
denote the first positive or negative eigenvalue of the restriction of problem ( 12. ip on Jj 
for i — 1, . . . , k. 

We note that Lemma 3 of [2] also holds for ( 12. ip . It follows that n%(p) = ii\ (p, m/Ji, Ji) 
for % = 1, . . . , k. Using similar proof as Theorem 2.2, we can show that [i\ (p, m/Ji, Ji) 
is continuous with respect to p for i = 1, . . . , k. Therefore, p^.{jp) is also continuous with 
respect to p. ■ 

Finally, we give a key lemma that will be used in Section 4. Firstly, as an immediate 
consequence of Lemma 4.1 of [9], we obtain the following Sturm type comparison theorem. 

Lemma 2.1. Let b 2 {r) > b x {r) > for r e (0,1) and bi{r) E L°°(0,1), i = 1,2. 
Also let U\, u 2 are solutions of 

(r^VpK))' + bi(r)r N - l Vp (u) = 0, i = 1, 2, 
respectively. If u\ has k zeros in (0, 1), then u 2 has at least k + 1 zeros in (0, 1). 

Let 

I + := {r E 1 1 m(r) > 0} , I~ :— {r 6 1 1 m(r) < 0} . 

Lemma 2.2. Assume m G M(I). Let I = [a,b] be such that I d I + and 

meets I > 0. 
Let g n : I — > (0, +oo) fre continuous function and such that 

lim <7 n (r) = +oo uniformly on I. 

n— >+oo 

Lei y n E E be a solution of the equation 

{r N - 1 Vp {y' n ))' + r N - 1 m{r)g n {r) Vp {y n ) = 0, r G (0,1). 
T/ien t/ie number of zeros of y n \f goes to infinity as n — > +oo. 

Proof. After taking a subsequence if necessary, we may assume that 

m(r)g nj (r) > Xj, r el, 

7 



as j — y +00, where Xj is the j-th eigenvalue of the following problem 

(r*-Vp(u'(rO))' + Xr N - l Vp {u{r)) = 0, re I, 
u'(0) = w(l) = 0. 

Let ifij be the corresponding eigenvalue of Xj. It is easy to check that the number of zeros 
of ipjlf goes to infinity as j — > +00. By Lemma 2.1, one has that the number of zeros of 
y n \j goes to infinity as n — > +00. It follows the desired results. ■ 



3 Unilateral global bifurcation phenomena for (11.21) 



If m(r) = 1, Del Pino and Elgueta [TU] established the global bifurcation theory for one 
dimensional p-Laplacian eigenvalue problem. Peral (27] got the global bifurcation theory 
for p-Laplacian eigenvalue problem on the unite ball. In [9], Del Pino and Manasevich 
obtained the global bifurcation from the principle eigenvalue for p-Laplacian eigenvalue 
problem on the general domain. If m(r) > and is singular at r = or r = 1, Lee 
and Sim [2U] also established the bifurcation theory for one dimensional p-Laplacian 
eigenvalue problem. However, if m(r) changes sign, there are a few paper involving in 
the bifurcation theory for p-Laplacian eigenvalue problem. In this Section, we shall study 
the unilateral global bifurcation phenomena for iV-dimensional p-Laplacian eigenvalue 
problem with sign-changing weight in the radial case. 

Let Y = L^O, 1) with its usual normal || ■ || L i and E = {u E C 1 ^)^'^) = u(l) = 0} 
with the norm 



lull = max \u(r)\ + max \u'(r) 



r£l r£l 

Considering the following auxiliary problem 

- {r N - x \u'\ p - 2 u')' = r N - l h(r), a.e. r e I, , x 

u /(0)= w (l) = l ] 

for a given h 6 7. By a solution of problem (13.11) . we understand a function u G E with 
r N ~ l (p p (u') absolutely continuous which satisfies (13. ip . 

We have known that for every given h 67 there is a unique solution u to the problem 
(13. ip (see [9]). Let G p (h) denote the unique solution to (13. ip for a given h EY. It is well 
known that G p : Y — > E is continuous and compact (see J9J |27]). 

Define T^{u) = G p (nm{r)tp p {u{r))). Let \l/ PiAt be defined in E by 

where \x is a positive parameter. It is no difficult to show that $ p/I is a nonlinear com- 
pact perturbation of the identity. Thus the Leray-Schauder degree deg(^f PtfJ ,, B r (0), 0) is 
well-defined for arbitrary r-ball B r (0) and \x ^ [i v k . 

Firstly, we can compute deg (&2,n, B r (Q), 0) for any r > as follows. 

Lemma 3.1. For r > 0, we have 

l, ifiie(fMT(2),fj+(2)), 

deg(^^,B r (0),0)=--{ (-l) k , if fie (/4(2),/4+i( 2 )), ^N, 

-i) k , Viie(nw(2),nj;(2)), keK 



Proof. We divide the proof into two cases. 
Case 1. /i > 0. 
Since Gi is compact and linear, by [El Theorem 8.10] and Theorem 2.1 with p = 2, 

deg(* 2iAi , J B r (0),0) = (-ir^, 

where m(/i) is the sum of algebraic multiplicity of the eigenvalues \i of (12. ip satisfying 
/U _ Vfc < 1- If A* £ [0) A i i"(2)), then there are no such /i at all, then 

dfig(* aiM ,B r (0),0) = (-1)^ = (-1)° = 1. 

If /i G (/i^(2),/i^ +1 (2)) for some fceN, then 

0u+(2))""V>l, je{V-,fc}. 

This together with Theorem 2.1 implies 

deg(* 2 , M)J B r (0),0) = (-l) fe . 

Case 2. /j, < 0. 

In this case, we consider a new sign-changing eigenvalue problem 

(r^" 1 ?/') + fim{j-)r N ^ 1 u = 0, r & I, 
u'(0) = u(l) = 0, 

where /i = — /i, m(r) = —m(r). It is easy to check that 

#(2) = -/£(2), fcGE 

Thus, we may use the result obtained in Case 1 to deduce the desired result. ■ 

As far as the general p is concerned, we can compute the extension of the Leray- 
Schauder degree defined in |3] by the deformation along p. 

Lemma 3.2. (i) Let {/i^ (p)} fcGN be the sequence of positive eigenvalues of IJ2.1}) . Let fi 
be a constant with /i ^ ^(p) f or °^ k EN. Then for arbitrary r > 0, 

deg(^, J B r (0),0) = (-l)' 3 , 

where (3 is the number of eigenvalues fJ^ip) of problem Ii2. 1\) less than \i. 

(ii) Let {/ifc (p)}feeN be the sequence of negative eigenvalues of Ii2.1\) . Consider fi ^ 
Hk(p), k EN, then 

deg(^, J B r (0),0) = (-l) /3 , Vr>0, 

where (3 is the number of eigenvalues ^{p) of problem \2. 1\) larger than [i. 

Proof. We shall only prove the case fi > p-tip) since the proof for the other cases 
are similar. We also only give the proof for the case p > 2. Proof for the case 1 < p < 2 is 
similar. Assume that /i^ (p) < \i < fi^+iip) f° r some k € N. Since the eigenvalues depend 

9 



continuously on p, there exists a continuous function x : [2,p] — )• IR and q G [2,p] such 
that /4(g) < x(g) < /4+i(?) and A = x(p). Define 

T(q, u) = u-G q (x(q)m(r)ip q (u)) . 

It is easy to show that Y(g, u) is a compact perturbation of the identity such that for all 
u 7^ 0, by definition of x(o)i Y(q,u) ^ 0, for all q G [2,p]. Hence the invariance of the 
degree under homo-topology and Lemma 3.1 imply 



»A; 



deg (tt P)M , S r (0), 0) = deg (* 2iM , fl r (0), 0) = (-1 

■ 
Define the Nemitskii operator H : K. x E — > Y by 

H(ji, u){r) := tim(r)(p p (u(r)) + g(r, u(r); //). 

Then it is clear that H is continuous (compact) operator and problem (11.21) can be 
equivalently written as 

u — GpO H(p,, u) := F(p,, u). 

F is completely continuous in R x E — > E and F(fi, 0) = 0, V/x G K. 

Using the similar method to prove (5J Theorem 2.1] with obvious changes, we may 
obtain the following result. 

Theorem 3.1. Assume U.3\) holds and m G M{I), then from each (//£, 0) it bifur- 
cates an unbounded continuum C% of solutions to problem U.fy) . with exactly k — 1 simple 
zeros, where \i v k is the eigenvalue of problem 112.1}) . 



In what follows, we use the terminology of Rabinowitz [29]. Let S k denote the set of 
functions in E which have exactly k — 1 interior nodal (i.e. non-degenerate zeros) in / 
and are positive near t — 0, and set S k = —S£, and S& = S£ U S k . They are disjoint 
and open in E. The following global bifurcation result is a generalization of Theorem 3.2 
of [5]. The essential idea is similar to the proof of Theorem 3.2 of [5] 

Theorem 3.2. Assume A 1.3}) holds and m G M(I), then there are two distinct un- 
bounded continua, (C%) and (C%)~ , consisting of the bifurcation branch C%. Moreover, 
for a G {+, — }, we have 

Kfc(Eo)}u(»xS[)). 



4 Existence of nodal solutions of (11.51) 



In this Section, we shall investigate the existence and multiplicity of nodal solutions 
to the problem (J1.5P under the linear growth condition on /. 

Firstly, we suppose that 



10 



(H^) f G C(R, R) with f(s)s >Ofors^ 0; 
(H 2 ) there exists /o G (0, +00) such that 

/ = lim 



\8\-X)ip p (s) 

(H 3 ) there exists /<» G (0, +00) such that 

m 



foo = , lim 



|s|->+oo (p p (s) 

Let /i^ be the k-ih positive or negative eigenvalue of (12. ip . Applying Theorem 3.2, 
we shall establish the existence of nodal solutions of (jl.5p follows. 

Theorem 4.1. Assume (Hi), (H 2 ) and (H 3 ) hold and m G M(I). Assume that for 
some fceN, either 

e f (4(p} f4(P) \ y /Vfc (P) f*ft (?) 



JoO Joy \ Jo Joo 

or 

e ( vt(P) I4(P) \ y ^ft (P) i"fc(P) 



JO Joo / \ Zoo Jo 

T/ien / li.<5j) /ms iwo solutions u^ and u^ such that u^ has exactly k — 1 zeros m J and is 
positive near 0, and u^ has exactly k — 1 zeros in I and is negative near 0. 

Proof. We only prove the case of 7 > 0. The case of 7 < is similar. Consider 

the problem 

(r N - l ip p (u'))' + (i'yr N - 1 m(r)f(u) = 0, r e I, uy] 

u'(0)=u(l) = 0. { ' 

Let ( G C(R) be such that f(u) = f (p p (u)+((u) with \im\ u \^, ((u)/(p p (u) = 0. Hence, the 
condition (II. 3p holds. Using Theorem 3.2, we have that there are two distinct unbounded 
continua, (C£) + and (££)", consisting of the bifurcation branch C£ from (^(p)/7, 0) , 
such that 

(c fe Tc(K,o)}u(ix^)). 

It is clear that any solution of (14.11) of the form (l,u) yields a solutions u of (11.51) . 
We shall show that (C£) crosses the hyperplane {1} x E in R x E. To this end, 
it will be enough to show that (C£) joins (/i^ (p)/"yfo, 0) to (a4~ (p)/7/oo) +°°). Let 
{Vn,Vn) G (C'fc - )' 7 satisfy r^ n + ||y n || — » +00. We note that r]„ > for all n G N since (0,0) 
is the only solution of (JUD for \t = and (C+) ff n ({0} x£)=|. 

Case 1: ^(p)/foo < 7 < /•*& (p)//o- I* 1 this case, we only need to show that 



/4(p) /4(p ) 

7/oo ' 7/< 



^C{^GM|(/,,n)G(C+) CT }. 



We divide the proof into two steps. 

Step 1 : We show that if there exists a constant M > such that f] n C (0, M] for 
n G N large enough, then (C^) CT joins (/4(p)/7./o, 0) to (/** (p)/7/oo,+oo). 
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In this case it follows that \\y n \\ ~^ +00. Let £ G C(R) be such that f(u) = foo^ P (u) + 
£(w). Then lim| u |^ +00 -^y = 0. Let £(w) = max <| s |< u |£(s)|. Then £ is nondecreasing and 

^ M = °- (4-2) 

We divide the equation 

(^^ifpiy'J)' - fi n 'yr N ~ 1 m(r)f 00 tp p (y n ) = ^jr^^mir)^^ 

by ||y n || and set y n = y n /\\yn\\- Since y n is bounded in £?, after taking a subsequence if 
necessary, we have that y n ^y for some y £ E. Moreover, from (14. 2 p and the fact that 
£ is nondecreasing, we have that 

lim ^# = 

n.->+oo ||?/ n || p 



since 



Z(yn(r)) < g(|y w (r)|) < £(||yn(r)||oo) < £(|k(r) 



11?/ I|p _1 ~~ 11?/ Up -1 ~~ 11?/ Up -1 ~~ 11?/ I|p _1 

||i/n|| lli/nll lli/nll I lim 1 1 

By the continuity and compactness of G p , it follows that 

- (^"VpG/' ))' = 'Pir N ' 1 m(r)f 0O ip p (y), 

where ~p = lim /i n , again choosing a subsequence and relabeling if necessary. 
We claim that y £ (C£) a . 

It is clear that \\y\\ = 1 and y G (C^) Q (Cjjj since if-t) * s closed in R x E 1 . 
Therefore, by Theorem 2.1, 717/00 = IJ>k(p), so that /I = fik/lfoc- Therefore (C^)°" joins 
()"*(p)/t/o,0) to ( J w+(p)/7/ 00 ,H-oo). 

Step 2: We show that there exists a constant M such that //„ G (0, M] for n G N 
large enough. 

On the contrary, we suppose that lim n ^ +00 /i n = +00. Since (r] n ,y n ) G (C£) a , it 
follows that 

(r*- WJ)' + 7^r Ar - 1 m(r)/(?/ n ) = 0. 

Let 

< r(l, n) < • • • < r{k, n) = 1 

be the zeros of y n in /. Then, after taking a subsequence if necessary, 

lim r(l, n) := r(l, 00), / G {1, • ■ ■ , k — 1}. 

n— >+oo 

It follows that either there exists at least one Iq £ {1, • • ■ ,k — 1} such that 

t(Io, 00) < r(/ + 1, 00) or r(l, 00) = 1. 
Notice that Lemma 2.2 and the fact y n has exactly k — 1 simple zeros in / yield 
{ [Ufc 1 (r(Z, 00), r(/ + 1, 00))] U (0, r(l, 00)) } n /+ = 0, 
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which implies that 

{[U^(r{l > oo),r{l + l,oo))]U{0,T{l,oo))}C{I\I+). 
Therefore, 

meas(7\/ + ) > meas { [U^(t{1, oo), t(1 + 1, oo))] U (0, r(l, oo))} = 1. 

However, this contradicts (H 2 ): < meas (/ \ I + ) < 1. 

Case 2: [x\ (p)/ fo < 7 < utiv)/ foo- in this case, we have that 

ifo jfoc ' 

Assume that (r] n ,y n ) G (C^Y is such that lim n ^ +00 (r] n + \\y n \\) = +oo. In view of Step 
2 of Case 1, we have known that there exists M > 0, such that for n G N sufficiently 
large, r/ n G (0, M]. Applying the same method used in Step 1 of Case 1, after taking a 
subsequence and relabeling if necessary, it follows that 

i \ ( vXiv) \ 

{Vn, Vn) -> I — 7 — > +°° I as n ->■ +oo. 

Thus, (C^) 17 joins ((4(p)/lfo> Q ) to M"(p)/7/«>,+oo). ■ 

Using the similar proof with the proof Theorem 4.1, we can obtain the more general 
results as follows. 

Theorem 4.2. Assume (Hi), (Hi) and (Hz) hold and m G M(I). Assume that for 
some k,n G N with k < n, either 



Joo Jo J \ Jo Joo 

or 

e ( v£{p) t*i(p) \ u /V* (p) ^«(p) 



Jo Joo / V Joo Jo 

TTien / li.5p has n — k + 1 pazrs solutions u^ and uj for j G {/c, ■ ■ • ,n} such that u^ has 
exactly j — 1 zero in I and is positive near 0, and u~ has exactly j — 1 zero in I and is 
negative near 0. 

Remark 4.1. We would like to point out that Theorem 1.1 of [24] is the corollary 
of Theorem 5.1 even in the case of p = 2 and N = 1. 

Remark 4.2. We also note that Theorem 4.1 and Theorem 4.2 is valid for the problems 
on annular domain because it can be convert the equivalent one- dimensional problems. 

An open problem. When m > 0, using Lemma 2.1, we can easily get that ( II. 5p 
has no nontrivial solution if jmf(u)/u not cross any eigenvalue of (II. 6p . Therefore, we 
conjecture that ( II. 5p has no nontrivial solution if 

f( s ) _ f( s ) 

VkiP) < T7TT < vt+iip) or Vk (p) > --rj^ > A*k+i(p) for s ± °- 

( rp\ s ) i Pp{ s ) 
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5 One-sign solutions for (11.71) 

In this Section, based on the bifurcation result of Drabek and Huang |11] , we shall 
study the existence of one-sign solutions for problem (II. 7p . From now on, for simplicity, 
we write X := W 1,p (fi). 

The main results of this section are the following: 

Theorem 5.1. Let (Hi), (H 2 ) and (H 3 ) hold, and m G M(Q). Assume that either 

e f ^tJP) l4(p) \ u fthip) Ihip) 



Joo Jo / \ Jo Joo 

or 

6 f t4(p) l4(p) \ y ffh(p) fh(p) 



J0 Joo J \ Joo Jo 



then 'problem (777) possesses at least a positive and a negative solution. 



Remark 5.1. By the C 1,a (0 < a < 1) regularity results for quasilinear elliptic equations 
with p-growth condition [21] . it G C 1,a (fi) for any solution it of (1 1.7ft since / is continuous 
and sub critical. 

In order to prove Theorem 5.1, we consider the following eigenvalue problem 

-divOp(Vw)) = fijm(x)f(u), in ft, , Q ^ 

M = 0, on<9f2, ^ ' ' 

where \x is a parameter. Let £ G C(R) be such that 

f(u) = fo<P P (u) + C(u) 

with lim| u |^oC( M )/v 9 p(' u ) = 0- Let us consider 

-div (<£p(Vw)) = fx'jm(x) f ip p (u) + nirn{x)C,{u) , infi, , g ^ 

■u = 0, on<9Q, ^ ' ' 

as a bifurcation problem from the trivial solution u = 0. 
Let 

§+ = {u G C x ' a (n)|w(a;) > 0, for all i6(l} and §' = {«G C 1,Q: (n)|«(» < 0, for all xett) 

Applying Theorem 4.4 and 4.5 of [11] to (15. 2p . we can obtain the following unilateral 
global bifurcation result, which plays a fundamental role in our study. 

Lemma 5.1. Let v G {+,—}■ There are two distinct unbounded continua, C+ and 
C v _, consisting of the bifurcation branch C v from (fj,%(p),0). Moreover, for o G {+,—}, 
we have 

Cc({Wp),o)}u(1x§')). 

We use Lemma 6.1 to prove the main results of this section. 
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Proof of Theorem 5.1. Since the proof is similar to that of Theorem 4.1, we only 
give a rough sketch of the proof. We only prove the case of 7 > 0. The case of 7 < 
is similar. It is clear that any solution of (15. ip of the form (l,u) yields a solution u of 
(jl.7p . We shall show C+ crosses the hyperplane {1} x X in 1 x I. To this end, it will 
be enough to show that C+ joins \Pi(p)/'yfo,0) to (fit (p) /if 001 +00). 

Let (fj, n ,y n ) G C~t where y n ^ satisfies /i n + ||y n |U — > +00. We note that /x n > for 
all n G N since (0,0) is the only solution of (JO) for \i = and C+ n ({0} x X) = 0. 

Case 1: fit{p)lf 00 < 7 < t4(p)/fo- 
In this case, we only need to show that 



Cg^) = 0-10,.) 6 #>. 



We divide the proof into two steps. 

S'fep 1 : We show that if there exists a constant M > such that ?7„ C (0, M] for 
neN large enough. 

In this case it follows that \\y n \\ —> +00. Similar to the proof of Theorem 4.1, we divide 
the equation 

- div(v9 p (Vy„)) - ^ n ^m(x)ip p (y n ) = ^ n ^m(x)i{y n ) 

by lls/nllc 1 -"^) and set y n = yn/\\yn\\c 1 ><*(Ti)- Since y n is bounded in C 1,a (fi), after taking 
a subsequence if necessary, we have that y n — *■ y for some y G C 1,Q (fi) and ^ n — > y in 
C(fi). Using the similar method to the proof of Theorem 4.1, we can obtain 

hm - — ^-— j = as n — > +00. 



'C 1 '"^) 



\\yn 
By the compactness of R p : L°°(fl) -> X (see [9]), we obtain 



- dfv(yap(Vy)) - {nm(x)(f p {y)) = 0, 

where /Z = lim /x n , again choosing a subsequence and relabeling if necessary. The rest 

proof of this step is the same as the proof of Theorem 4.1. 

Step 2: We show that there exists a constant M such that \i n G (0, M] for n G N 
large enough. 

On the contrary, we suppose that lim n ^ +00 /i n = +00. Since (fjL n , y n ) G C+, it follows 
that 

div (tp p (Vy n )) + 7/i TO m(x) n , y(z/») = in fi + , 

where fi + = {x G f) m(a;) > 0}. By Theorem 2.6 of [T], we have y n must change sign in 
Q + , which contradicts Lemma 5.1. The rest proof of is similar to the proof of Theorem 
4.1. 
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